Nuclear magnetic resonance (NMR) spectroscopy is a primary tool to perform structural studies of proteins in physiologically-relevant solution conditions. Restraints on distances between pairs of nuclei in the protein, derived from the nuclear Overhauser effect (NOE), provide information about the structure of the protein in its folded state. NMR studies of symmetric protein homo-oligomers present a unique challenge. Using X-filtered NOESY experiments, it is possible to determine whether an NOE restrains a pair of protons across different subunits or within a single subunit, but current experimental techniques are unable to determine in which subunits the restrained protons lie. Consequently, it is difficult to assign NOEs to particular pairs of subunits with certainty, thus hindering the structural analysis of the oligomeric state. Computational approaches are needed to address this subunit ambiguity, but traditional solutions often rely on stochastic search coupled with simulated annealing and simulations of simplified molecular dynamics, which have many tunable parameters that must be chosen carefully and can also fail to report structures consistent with the experimental restraints. In addition, these traditional approaches rarely provide guarantees on running time or solution quality. We reduce the structure determination of homo-oligomers with cyclic symmetry to computing geometric arrangements of unions of annuli in a plane. Our algorithm, disco, runs in expected O(n 2 ) time, where n is the number of distance restraints, potentially assigned ambiguously. disco is guaranteed to report the exact set of oligomer structures consistent with the distance restraints and also with orientational restraints from residual dipolar couplings (RDCs). We demonstrate our method using two symmetric protein complexes: the trimeric E. coli diacylglycerol kinase (DAGK) and a dimeric mutant of the immunoglobulin-binding domain B1 of streptococcal protein G (GB1). In both cases, disco computes oligomer structures with high precision and also finds distance restraints that are either mutually inconsistent or inconsistent with the RDCs. The entire protocol disco has been completely automated in a software package that is freely available and open-source at www.cs.duke.edu/donaldlab/software.php.
INTRODUCTION S
tructural characterization of proteins yields insight into their biological functions, which has become increasingly important for understanding the biochemical basis of human disease. Once the mechanism by which pathogens affect a host is better understood, one can begin to ask how it might be possible to alleviate the effects of infection, or prevent infection altogether. Determining the high-resolution three-dimensional (3D) structures of proteins can enable design of molecules (drugs) to inhibit the native function of a pathogenic protein, or modify helpful proteins to perform a novel function to help stave off infection. One such protein redesign study modified a phenylalanine adenylation domain of the nonribosomal peptide synthetase enzyme gramicidin S synthetase A, an enzyme that originally manufactured the decapeptide gramicidin S, a strong antibiotic, to incorporate different substrates into the molecular assembly line (Chen et al., 2009 ), thus showing it may be possible to use computational algorithms to engineer enzymes to produce new molecules of potential pharmacological interest. In addition, the same protein design methodology can help predict antibiotic resistance mutations in harmful pathogens such as methicillin-resistant Staphylococcus aureus (MRSA) (Frey et al., 2010) , giving drug discovery the opportunity to keep one step ahead of its bacterial adversaries. Computational protein redesign is an increasingly popular tool for efficiently exploring possible modifications to protein sequence, but usually requires a structural model of the enzyme or protein of interest.
The majority of proteins assemble as symmetric homo-oligomers (Goodsell and Olson, 2000; Levy et al., 2008) , including many membrane proteins, yet the symmetry complicates assignment of inter-subunit distance restraints, and hence oligomeric structure determination by NMR. The pace of structure determination of membrane proteins has lagged significantly behind soluble globular proteins (White, 2004) , in part due to these challenges arising from symmetry. Structure determination of symmetric trimers and higher-order homo-oligomers is hindered by subunit ambiguity (Potluri et al., 2007) : even if an NOE between two protons can be assigned as intra-subunit or inter-subunit through X-filtered NOESY (Ikura and Bax, 1992) , current experimental techniques are still unable to determine precisely in which subunits the restrained protons lie. Ambiguity can also arise from other sources of experimental uncertainty. When overlapping chemical shifts prove difficult to separate, distance restraints can be assigned to multiple atoms, i.e., atom ambiguity (Potluri et al., 2007) . Figure 1 illustrates both types of ambiguity.
Even with precise unambiguous distance restraint assignments and without the complications of symmetry, structure determination of monomeric proteins by NMR remains a difficult task. The formulation of the structure determination problem using only a network of local distance restraints has been proven strongly NP-Hard (Saxe, 1979) and therefore vitiates guarantees of efficiency, accuracy, and completeness. Remarkably, the addition of global orientational constraints on internuclear vectors from residual dipolar couplings (RDCs) and a reduction to sparse distance restraints enabled a polynomial-time algorithm for monomeric structure determination (Wang et al., 2006) . For symmetric homo-oligomers of at least three subunits, subunit ambiguity complicates assignment of inter-subunit distance restraints, and hence, calculation of oligomer structures, since naïvely enumerating possible assignment combinations requires exponential time. Potluri et al. (2006 Potluri et al. ( , 2007 employed a branch-and-bound search algorithm which FIG. 1. An inter-subunit distance restraint (yellow dashed lines) for a hypothetical trimeric protein complex can be assigned to multiple subunits (subunit ambiguity), or multiple atoms within a single subunit (atom ambiguity).
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computed symmetric oligomer structures using ambiguously-assigned inter-subunit distance restraints and was guaranteed to return a superset of all oligomer structures satisfying the restraints. The algorithm avoided computing explicit distance restraint assignments, but provided no bound on running time. In this article, we show how the addition of RDCs allows polynomial-time algorithms for structure determination of symmetric homo-oligomers, but with guarantees on solution quality as well as running time.
In practice, approaches such as simulated annealing coupled with simplified molecular dynamics, which lack both combinatorial precision and guarantees on running time and solution quality, are used routinely for structure determination. These approaches require careful selection of annealing parameters, may not always converge, or can potentially miss structures consistent with the experimental restraints due to undersampling. Simulated annealing protocols begin with an extended model of the oligomeric protein structure which is then folded via simulation of highly simplified molecular dynamics at successively decreasing temperatures. The geometry of nascent protein structure is guided to satisfy restraints on internuclear distance and dihedral angles by potential functions incorporated into the simulation. Since for every internuclear vector orientation that satisfies an RDC value, there exists an equally satisfying inverse vector, restraints on internuclear vector orientation from RDCs are typically not included in the first annealing run. After an initial fold has been calculated from complementary restraints, RDCs are used to refine the structure with further annealing runs at lower temperatures.
We instead propose to incorporate RDCs into the beginning of the structure determination method, thereby creating a framework in which we analyze inter-subunit distance restraints without requiring a complete oligomer structure. When the subunit structure can be determined from intramolecular distance restraints by NMR (Oxenoid and Chou, 2005; Schnell and Chou, 2008; Wang et al., 2009 ), or by x-ray crystallograpy (Kuzin et al., 2005) , oligomeric structure determination can proceed sequentially, by (1) computing the orientation of the axis of symmetry, (2) computing its position relative to the subunit, and then (3) assembling the subunits together according to the computed symmetry (Fig. 2) . Our method, disco, computes the orientation of the symmetry axis by analyzing the alignment tensor computed from the RDCs. Then, by using the symmetry axis orientation, the distance restraints are analyzed geometrically by computing the arrangement of unions of annuli in the plane. Faces of the arrangement corresponding to oligomer structures with the greatest distance restraint satisfaction are selected by analyzing the dual graph of this arrangement.
Algorithms from computational geometry (such as the computation of arrangements in the plane) have previously found applications in structural biology outside of direct structure calculation. To characterize structure at protein-protein interfaces, Headd et al. (2007) computed Voronoi diagrams to rigorously define not only which residues of the proteins contribute to the interface, but also provided a method for unambiguously partitioning the interface into core and boundary regions. Liang et al. (1998a) developed an algorithm relying on alpha shapes to compute surface areas and volumes of molecular sphere models analytically, using symbolic perturbation to guarantee robust computations. Alpha shape theory has also been applied via the CAST software (Liang et al., 1998b) to compute volumes of surface pockets and occluded cavities for macromolecules.
Structure determination of homo-oligomers using a symmetry configuration space has also been previously studied (Wang et al., 2008; Potluri et al., 2006 Potluri et al., , 2007 . Potluri et al. (2006 Potluri et al. ( , 2007 computed the orientation and position of the symmetry axis using only inter-subunit distance restraints and a hierarchical subdivision of the configuration space (R 2 · S 2 ). Regions of the space were pruned if geometric bounds
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proved they did not contain any symmetry axes whose oligomer structures satisfied the inter-subunit NOEs. Otherwise, the regions were subdivided and the search recursed on their children, continuing in this fashion until a termination criterion was met. Although the method had no bound on time complexity, it was guaranteed to return a superset of all structures satisfying the distance restraints. Wang et al. (1998) computed symmetry parameters for oligomer models using ambiguously-assigned distance restraints by partitioning Cartesian space instead of axis configuration space. After choosing three of the distance restraints as a geometric base, AmbiPack (Wang et al., 1998) computed symmetry axis parameters by computing the rigid transformation across the interface between two identical subunits. The three chosen distance restraints were used to define a coarse relative orientation between the subunits at the interface, which was iteratively refined against the remaining distance restraints. Due to the reliance on random sampling and local numerical optimization, the method may potentially miss structures that satisfy the distance restraints. Wang et al. (2008) computed the orientation of the symmetry axis using just RDCs. The axis position was computed by generating putative dimer models on a grid over R 2 and scoring the inter-subunit interface using a residue-pairing molecular mechanics function. Since dimer models were ranked only according to molecular mechanics scores, van der Waals energies, and RDC satisfaction, it was not necessary to assign or use inter-subunit NOEs. However, in doing so, the method misses the opportunity to incorporate the structural information provided by these distance restraints. Nilges (1993) calculated oligomer models without explicit knowledge of the symmetry axis. Instead, structure calculation relied on symmetry potentials during runs of simulated annealing, and has been successfully employed in structure determination of homo-oligomers, including a trimer (Kovacs et al., 2002 ) and a hexamer (O'Donoghue et al., 2000) . A non-crystallographic symmetry potential ensured subunits shared the same local conformation modulo relative placement and global orientation, while an additional potential arranged the subunits symmetrically by minimizing differences in distances for a chosen subset of the distance restraints. Building on the ambiguous distance restraint approach, Bardiaux et al. (2009) implemented network anchoring into ARIA to simultaneously perform distance restraint assignment and oligomeric structure calculation.
To avoid the pitfalls of structure determination methods based on stochastic search, we instead propose algorithms that provide guarantees on the quality of the computed structures. In this article, we describe a novel algorithm, disco, that computes oligomeric structures of protein complexes with cyclic symmetry (C n ) using RDCs and distance restraints such as NOEs, disulfide bonds, and distance restraints derived from paramagnetic relaxation enhancement (PREs). Along with returning the computed structural ensemble, disco guarantees the complete set of oligomer structures satisfying the RDCs and inter-subunit distance restraints can be computed exactly and in polynomial time. The following contributions are made in this article:
A novel geometric arrangement algorithm, disco, is presented to compute structures of homooligomeric protein complexes with C n symmetry from RDCs, distance restraints such as NOEs, PREs, and disulfide bonds, and a structure of the subunit; disco guarantees all symmetric homo-oligomers satisfying the RDCs and the distance restraints are discovered, computed exactly, and computed in expected O(n 2 ) time, where n is the number of distance restraints; disco characterizes the uncertainty in the position of the symmetry axis by computing the variance in atomic coordinates of oligomers sampled uniformly from the exact set of oligomer structures satisfying the RDCs and distance restraints;
We introduce a technique to analyze ambiguous distance restraints that can discriminate between mutually consistent and inconsistent restraints; and We present results on the performance of disco on two symmetric proteins: E. coli diacylglycerol kinase (DAGK) (Van Horn et al., 2009 ) and a dimeric mutant of the immunoglobulin-binding domain B1 of streptococcal protein G (GB1) (Byeon et al., 2003) .
METHODS
The atomic structure of an oligomeric protein with cyclic symmetry can be parameterized by the structure of its subunit and the orientation and position of its axis of symmetry (Potluri et al., 2006 (Potluri et al., , 2007 .
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When it is possible to determine the high-resolution structure of the subunit based on entirely intramolecular restraints (Oxenoid and Chou, 2005; Schnell and Chou, 2008; Wang et al., 2009) , the oligomer structure can be assembled from identical subunit structures by computing the parameters of the axis of symmetry: the orientation (in S 2 ) and the position (in R 2 ).
Computation of the symmetry axis orientation
A single scalar RDC value r, measured experimentally, probes the orientation of an internuclear vector v through the following tensor equation:
where D max is the dipolar interaction constant, and S is the Saupe order matrix which represents an alignment tensor describing the average weak alignment of a protein in solution (Donald and Martin, 2009 ). Our algorithm, disco, uses the observation that, for a C n oligomer, one of the eigenvectors of the alignment tensor must be parallel to the symmetry axis of the complex (Al-Hashimi et al., 2000; Bewley and Clore, 2000) , and hence computes the orientation of the symmetry axis (in S 2 ) from the RDCs. The alignment tensor can be least squares fit to the RDCs and the subunit structure using singular value decomposition (Losonczi et al., 1999) , yielding, in the non-degenerate case, three distinct eigenvectors. Which eigenvector to choose from the alignment tensor depends on the oligomeric state of the protein complex.
For trimers and higher-order oligomers, we expect an alignment tensor with zero rhombicity. In this case, the symmetry axis is parallel to the D zz eigenvector, the eigenvector whose eigenvalue has the largest magnitude. Alignment tensors with non-zero rhombicity for timers and higher-order oligomers do not reflect the symmetry of the oligomer and we are unable to apply disco to the RDCs in that case. For dimers, which eigenvector corresponds to the symmetry axis cannot be uniquely determined from RDCs recorded in a single medium alone, so all eigenvector possibilities must be examined. If the alignment tensor has three distinct eigenvalues, then each corresponding eigenvector is evaluated by executing disco three times. We call any oligomer structure whose symmetry axis orientation has been computed from RDCs an oriented oligomer structure. Hence, the space of oriented oligomer structures corresponds to the space of symmetry axis positions, R 2 . To assemble full oligomer structures, all that remains is to compute the set of satisfying symmetry axis positions, thereby building a subset of the full symmetry configuration space, S 2 · R 2 .
Geometric analysis of inter-subunit distance restraints
Once the orientation of the symmetry axis has been computed, each possible assignment for an intermolecular distance restraint is represented as an annulus in a plane encoding the configuration space of the symmetry axis position (Martin et al., 2011) . Briefly, let atoms p and q be restrained with lower and upper distances of d l and d u respectively. Since the distance restraint is inter-subunit, let p lie in subunit A whose structure is known and q lie in subunit B whose position and orientation relative to A are unknown. Letẑ be the z-axis of the coordinate system which is parallel to the axis of symmetry. The distance restraint confines the possible positions of the symmetry axis to an annulus in two dimensions perpendicular toẑ with center c, inner radius l, and outer radius u:
where R is a rotation aboutẑ of 2p m radians, m is the number of subunits, I is the identity matrix, q A is the symmetric partner of atom q in subunit A, and p 0 is the projection of p onto the plane containing q and q A that is perpendicular toẑ. Each annulus is computed exactly and in closed-form using Eqns. (2-4).
Distance restraints with ambiguous assignments yield a set of annuli-one for each possible assignment. After projection onto the x-y plane, the annuli are combined using set union. Hence, each distance restraint is encoded as a union of annuli. If the possible assignments possess subunit ambiguity, the rotation R can be varied to select different subunits by changing the angle of rotation 
Analysis of the arrangement of unions of annuli
Once a union of annuli is computed for each distance restraint, disco computes the arrangement A of all the circular curves bounding the unions of annuli. A is computed using a randomized incremental algorithm (Halperin, 1997) , implemented in the CGAL library (Hanniel and Halperin, 2000) . A represents all intersection points of the circular curves, all edges bounded by the intersection points, and all faces bounded by the edges. We refer to the faces of A contained in the greatest number of unions of annuli as the maximally satisfying regions (MSRs). These faces represent symmetry axis positions that satisfy the greatest number of inter-subunit distance restraints.
Formally, let each face f in A have an associated depth, d( f), equal to the number of unions of annuli that contain f. The MSRs are the faces in A with the maximum depth, and the unbounded face f u has a depth of zero. The MSRs are found by analyzing the dual graph G = (V, E) of A (Fig. 3) , where V contains one node for each face in A, including f u . Let f 0 represent the dual of f, which is the vertex in V corresponding to f. E contains an edge (f
2 ) when two faces f 1 and f 2 in A share an edge. To annotate the faces of A with depths, disco performs breadth-first search (BFS) beginning at the vertex f 0 u . When BFS traverses an edge in E, this corresponds to crossing an edge h from the previous face f p to the next face f n in A.
if h lies in the interior of a union of annuli (i.e., the depth remains the same; Fig. 4 ). Once the faces of A have been annotated with depths, disco returns the MSRs by enumerating the faces with maximum depth.
To construct A, the circles bounding the unions of annuli are decomposed into x-monotone circular arcs, which are restricted to be monotonic in the x-direction (i.e., no vertical line intersects the curve more than once). The two x-monotone circular arcs resulting from the circle decomposition are subsequently divided into smaller arcs resulting from intersections with other x-monotone circular arcs during construction of A. We will say the resulting circular arcs are all supported by the original circle. To decide whether a crossing enters/leaves or remains within a union of annuli, we determine if the edge h lies in the interior of the union of annuli whose constituent circles support h. Since each edge in A can only be supported by a circle from a single union of annuli, the supporting union of annuli can be referenced by a pointer stored at the edge, and this pointer can be set during the construction of the arrangement. If the midpoint of the edge h lies in the interior of its union of annuli, then h is an interior edge and the crossing remains within the union of annuli. Any point along h (except for the endpoints) can be used to test if h is an interior edge, but the midpoint is the most numerically-stable choice. If h lies on the boundary of its union of annuli (i.e., is not an interior edge), the crossing enters or leaves a union of annuli. The orientation of the circle supporting h is used to encode whether or not the circle defines the interior or exterior boundary of the union of annuli.
Analysis of complexity
In this section, we prove bounds on the time and space complexity of the computation of the MSRs from ambiguously assigned inter-subunit distance restraints. Lemma 1. For an oligomeric protein complex with cyclic symmetry and n distance restraints assigned ambiguously, each having at most s possible assignments, the MSRs can be computed in expected O(s 3 n 2 ) time and O(s 2 n 2 ) space. Proof. disco computes a single annulus for each assignment of each distance restraint which results in n unions of annuli, each having at most s annuli. Hence, there are sn annuli in total and each union of annuli has a complexity of O(s). In the next step, disco decomposes the boundaries of the unions of annuli into x-monotone circular arcs, four for each annulus, resulting in O(sn) circular arcs. The computation of the arrangement A can be accomplished using a randomized incremental algorithm requiring expected O(sn log(sn) + k) time and O(s 2 n 2 ) space, where k is the number of intersections in the arrangement (Halperin, 1997) . The depths can be stored using constant space at each face, thus leaving the O(s 2 n 2 ) space requirements of the original algorithm unchanged. To test if an edge h lies on the interior of its supporting union of annuli, we must determine whether its midpoint lies in the interior. Since the single union of annuli supporting h can be found in constant time by following the pointer at h, and the complexity of each union of annuli is O(s), the interior predicate for h can be evaluated in O(s) time. The complexity of A is bounded by O(s 2 n 2 ), so the dual graph G has O(s 2 n 2 ) nodes and O(s 2 n 2 ) edges, hence the interior predicate will be evaluated O(s 2 n 2 ) times. Therefore, BFS on G can be performed in O(s 3 n 2 ) time using O(s 2 n 2 ) space. Finally, to find the MSRs, the faces of A (which have been annotated with depths) can be enumerated in O( f) time, where f is the number of faces in the arrangement. Thus, the time required to compute the MSRs from n distance restraints, each having at most s possible assignments, is expected O(sn log(sn) + k) + O(s 3 n 2 ) + O( f) and is output-sensitive. Since the total complexity of the arrangement is bounded by O(s 2 n 2 ), f + k is also bounded by O(s 2 n 2 ), and therefore we can simplify the total time to expected O(s 3 n 2 ). The overall space requirements depend on the size of A, which is O(s 2 n 2 ), and the size of G, which is O(s 2 n 2 ). Therefore, the total space required is O(s 2 n 2 ) as well. ,
Next, we will use biophysical facts to place bounds on the number of possible assignments for an intersubunit distance restraint and simplify the complexity bounds.
Lemma 2. For an oligomeric protein complex with cyclic symmetry and n distance restraints assigned with subunit and/or atom ambiguity, the MSRs can be computed in expected O(n 2 ) time and O(n 2 ) space.
Proof. For subunit ambiguity, the number of possible assignments is bounded by the number of subunits in the complex. In proteins for E. coli, only 2.2% of proteins annotated with subunit designations are composed of more than 12 subunits (Goodsell and Olson, 2000) . Therefore, we assume the oligomeric number of protein complexes is bounded by a constant. For atom ambiguity, the number of possible assignments is bounded by the spectral overlap of neighboring resonances and peaks in NMR spectra. In practice, for proteins of up to around 200 residues, 3D NOESY experiments (Marion et al., 1989) are   FIG. 4 . A path (red arrows) visits faces in a union of annuli (blue/black curves) starting with the unbounded face ( f u ) and crosses four edges: h 1 , h 2 , h 3 , and h 4 (blue curves). Interior edges of the union of annuli are shown with dashed curves. Since f u is initialized with a depth of zero, crossing h 1 increases the depth to one, crossing the interior edges h 2 and h 3 do not modify the depth, and crossing h 4 returns the depth to zero. sufficient to limit spectral overlap to a constant amount per peak. For larger proteins, 4D NOESY (Kay et al., 1990) , which uses an extra dimension to resolve cross peaks (similar in ways to a lifting transform), may be required to limit spectral overlap to a constant amount. Even higher-dimensional NMR experiments are possible (Kim and Szyperski, 2003) . Since the oligomeric number of protein complexes and the amount of spectral overlap per peak can be bounded by a constant, the number of possible assignments for a distance restraint assigned with subunit and/or atom ambiguity is also bounded by a constant. Consequently, each union of annuli has a constant number of annuli. Therefore, s is O(1), and the bounds of Lemma 1 simplify to expected O(n 2 ) time and O(n 2 ) space. ,
Evaluation of oligomer structures
Once MSRs have been computed, disco evaluates the distance restraints using the continuous set of oligomer models described by the MSRs. We characterize a distance restraint as inconsistent if its corresponding union of annuli does not contain any of the MSRs. No oriented oligomer structure whose symmetry axis position was chosen from an MSR could satisfy an inconsistent restraint.
Since the MSRs computed by disco represent continuous sets of symmetry axis positions, the corresponding oligomer structures are also continuous sets. To perform detailed structural analysis and for visualization, the MSRs are sampled on a uniform grid at a fine resolution to generate a discrete set of symmetry axis positions. One of the advantages of disco is that, by computing the exact MSRs, it is unnecessary to sample the entire symmetry axis position configuration space. Instead, we can sample only within the MSR at a much finer resolution than would be possible using a grid search over the full configuration space. disco combines the sampled axis positions with the symmetry axis orientation computed from the RDCs to define a set of rigid transformations that, when applied to the subunit structure, generate symmetric oligomer structures (Fig. 2, step 3) . Each resulting structure is energy-minimized in Xplor-NIH (Schwieters et al., 2003 ) using a fixed backbone, but flexible side chains to relieve minor steric clashes, and to remove over-packed structures.
Extensions to disco
One restriction of disco as described above is that distance restraints must not have possible intra-subunit assignments. Since PREs have potential intra-subunit assignments as well as inter-subunit assignments, if the true assignment for a PRE is intra-subunit, then the annulus analysis presented in Section 2.2 will yield a decoy union of annuli. This union of annuli does not truly constrain the symmetry axis since an intrasubunit distance restraint cannot possibly describe the symmetry of the oligomer structure. One might hope to resolve the intra-/inter-subunit assignment ambiguity directly, but no experimental or computational methods are currently known to perform such an assignment for PREs. However, disco's restriction can be relaxed if a set of distance restraints with no possible intra-subunit assignments are also available.
We therefore divide the available distance restraints into two classes: distance restraints with no possible intra-subunit assignments are considered trusted, and the remaining distance restraints are considered untrusted, since their analysis may yield decoy unions of annuli. disco processes the trusted and untrusted distance restraints in two different phases of the algorithm. Phase one uses only the trusted restraints to compute MSRs (see Section 2.2), which we refer to as trusted MSRs. In phase two, disco computes unions of annuli for the untrusted distance restraints, but does not immediately compute their arrangement. Instead, disco compares each of the untrusted unions of annuli to the trusted MSRs. If an untrusted union of annuli does not intersect the trusted MSRs, that union of annuli is discarded. The remaining unions of annuli that intersect the trusted MSRs are used along with the original trusted unions of annuli to compute a new arrangement, from which the final MSRs are selected. The final MSRs represent oligomer structures that are guaranteed to satisfy the trusted distance restraints, and also a subset of the untrusted distance restraints. This two-phase approach ensures all distance restraints contribute to the structure determination (despite some restraints having possible intrasubunit assignments), while avoiding the need to choose explicit intra-/inter-subunit assignments.
RESULTS
We evaluated the performance of disco on two proteins: DAGK (Van Horn et al., 2009 ) and a dimeric mutant of GB1 (Byeon et al., 2003) , henceforth referred to simply as GB1. Due to the difficulty of solving We compared structures computed by disco to known structures (i.e., reference structures) from the PDB (Berman et al., 2000) for DAGK (2kdc, model 1) and for GB1 (1q10, model 1). The subunit structure used by disco was the first subunit in the reference structure, which was determined using traditional protocols. This mirrors the experimental situation where the subunit structure can be determined with confidence (Oxenoid and Chou, 2005; Schnell and Chou, 2008; Wang et al., 2009 ), but the main bottleneck is subunit assignment and the assembly of subunit structures to form the oligomer structure.
We measured the structural similarity between structures computed by disco and the reference structures using the RMS deviation in backbone atom position. All computed structures were within 0.14 Å of the reference for DAGK and 0.25 Å for GB1. After energy-minimization, we evaluated the RMS distance restraint violation and van der Waals energy (using the pairwise Lennard-Jones potential) of each oligomer structure according to previous methodology (Potluri et al., 2007) . Figure 5 shows the scores of the Backbone alignment between the blue diamond structure from the top row (blue) and the reference structure (red). For this illustration, the two structures are offset from each other by 1.0 Å so they appear distinct. For DAGK, the symmetry axis is represented using a black line. For GB1, the symmetry axis is normal to the page. computed structures, which are comparable to those of the reference structures. Since disco can compute the MSRs exactly and discrete structures are sampled uniformly from the MSRs, the variance in backbone atom position of the computed structural ensemble accurately represents uncertainty about the position of the symmetry axis inherent in the distance restraints. Statistics of the computed ensembles, including backbone RMSDs and the variance, are summarized in Table 1 . Sections 3.1 and 3.2 describe in more detail the results for DAGK and GB1, respectively.
DAGK with subunit ambiguity
DAGK is a C 3 homo-trimeric membrane protein with 121 residues per subunit for which 67 NH RDCs, 200 PREs, and 24 disulfide bonds have been recorded (Van Horn et al., 2009) . The PREs and disulfide bonds are inter-subunit distance restraints whose assignments are complicated by subunit ambiguity and therefore have two possible assignments each. Additionally, it was not known whether the two PRE-related atoms were in the same subunit, or different subunits. Therefore, we used the two-phase extension to disco, (Sec. 2.6), labeling the disulfide bonds as trusted, and the PREs as untrusted.
The alignment tensor computed for DAGK had a rhombicity of 0.019, indicating the RDCs display the symmetry of the oligomer structure. During phase one, disco computed the arrangement of unions of annuli from the trusted distance restraints derived from disulfide bonds. disco allows sidechains to move during energy-minimization, but uses the rigid subunit structure to compute the annuli from the distance restraints. To account for motions of the sidechains during minimization that could potentially relieve violated distance restraints, we slightly increased the distances allowed by each restraint. We chose a padding percentage b such that the lower distance bound of each restraint is multiplied by (1 À b 100 ) and the upper by (1 À b 100 ). For these tests with DAGK, we chose b = 3. Figure 6A shows the arrangement and MSRs from phase one. The symmetry axis position of the reference structure is contained within the trusted MSR indicating the annulus analysis is able to correctly describe the satisfying symmetry axis positions of the oligomer structure for DAGK. Since disco computes the MSRs exactly (and thus, the set of satisfying oriented oligomer structures exactly), the absence of any additional MSRs farther away rules out the possibility of a satisfying oligomer structure that is dissimilar to those already discovered by the algorithm. The MSRs for DAGK are sensitive to the padding percentage b chosen. With b = 5, oligomer structures sampled from the final MSRs differed from the reference structure by as much as 2.7 Å backbone RMSD, but had a distance restraint RMSD of no worse than 0.38 Å . Section 3.3 further discusses the effect of different choices of b on structure calculation.
The single trusted MSR computed satisfied 21 of the 24 disulfide bond restraints. The remaining three disulfide bond restraints were labeled inconsistent by disco, each resulting in small violations in the oligomer structures (Table 2 ). For comparison, the same three disulfide bond restraints were also unsatisfied in the reference structure. In general, an inter-subunit distance restraint with two possible subunit assignments will result in two distinct (but possibly overlapping) annuli, which are later combined into a union of annuli. However, in the case when the same atoms in the same residues, but in two different subunits are restrained, the union of annuli will contain two identical annuli. We will refer to such a Table 1 . Statistics of Structure Determination for DAGK and GB1
DAGK GB1
Symmetry C 3 C 2 Rhombicity R 2 [0‚ (Fig. 6A ). Phase two of disco discarded 46 of the 200 PREs (also padded by b = 3) since their unions of annuli did not intersect the trusted MSR. The remaining 154 untrusted PREs were combined with the original 24 trusted disulfide bonds to compute a new arrangement and the final MSRs which are shown in Figure 6B . As with the trusted MSR, disco also computed a single final MSR which again contains the symmetry axis position of the reference structure.
If, by chance, decoy unions of annuli (representing distance restraints whose possible inter-subunit assignments are all incorrect) intersect the trusted MSRs, they will not be discarded and will still influence the computation of the final MSRs. If a large enough number of decoy unions of annuli remain, it is theoretically possible to compute final MSRs that are disjoint from the trusted MSRs, and hence the final MSRs will not correctly describe the oligomer structure of the protein. Although this is unlikely to occur by random chance, having a much greater number of untrusted restraints than trusted restraints increases the likelihood of computing incorrect MSRs. Even though disco was supplied with 200 PREs (untrusted) and only 24 disulfide bonds (trusted), the presence of the final MSRs within the trusted MSRs, and the presence of the reference axis position within the final MSRs, shows that the two-phase analysis is able to remove enough decoy unions of annuli to prevent the decoys from conspiring to increase support for an incorrect answer.
GB1 with simulated atom ambiguity
GB1 is a C 2 homo-dimer with 56 residues per subunit for which 56 NH RDCs and 296 experimental inter-subunit NOEs (assigned without subunit ambiguity, since GB1 is a dimer) have been recorded (Byeon et al., 2003) . In lieu of subunit ambiguity, we simulated atom ambiguity by expanding the published NOE assignments to include nuclei with similar chemical shifts, resulting in an average of 6.7 possible atom assignments per restraint. Window sizes of 0.05 ppm and 0.5 ppm were used for 1 H and 13 C/ 15 N shifts, respectively. While the symmetry axis for a dimer must be parallel to one of the eigenvectors of the alignment tensor, which eigenvector satisfies this condition cannot be uniquely determined from RDCs recorded in a single alignment medium alone.
A search over the three alignment tensor eigenvectors revealed that MSRs computed from the D xx eigenvector resulted in the greatest distance restraint satisfaction. Figure 7 shows the single MSR computed for GB1 (with b = 0) in comparison to the position of the symmetry axis of the reference structure. Even though the minimum distance between the reference symmetry axis position and the MSRs was 0.157 Å , the difference in backbone RMSDs among the structures in the computed ensemble is at least 0.20 Å and not more than 0.25 Å . The ambiguity simulation expanded the average number of assignments per NOE from 1 to 6.7, resulting in 1993 total annuli from the 296 inter-subunit NOEs. Remarkably, 32% of these annuli enclosed no points (i.e., are the empty set), and therefore, no satisfying symmetry axis positions exist, indicating these possible assignments are inconsistent with the computed symmetry axis orientation and ultimately the RDCs. disco also found six inconsistent inter-subunit NOEs whose unions of annuli did not intersect the MSR, each resulting in small violations in the oligomer structures (Table 3 ). The reference structure violates 12 of its inter-subunit NOEs, although each to a lesser degree. Figure 8 shows a comparison of the two MSRs computed from the original unambiguous NOE assignments (left) and the simulated ambiguous NOE assignments (right). Remarkably, the MSR from the ambiguous assignments is nearly identical to the MSR computed from the unambiguous assignments, but contains an extra region comprising 2.9% of the original total area. The extra region was created when the 
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additional assignments for an NOE replaced a single annulus with a union of annuli. The boundary that defined that edge of the previous MSR had been removed since it now lies in the interior of the new union of annuli.
Perturbation analysis of b
To explore the effect of the parameter b on structure calculation, we computed MSRs from the disulfide bonds for DAGK for values of b varying from 0 to 15 in increments of 0.25. With b = 0, disco computed MSRs from the original distance restraints without any padding. For b > 0, the distances were padded as described in Section 3.1. For each of the resulting 61 sets of MSRs, we computed the minimum and maximum distances from the MSRs to the position of the symmetry axis of the reference structure. Figure  9A shows these distance ranges plotted against b. To estimate the quality of oligomer structures represented by these MSRs, we sampled symmetry axis positions from the MSRs (and hence, oligomer structures) at a very fine resolution (0.0125 Å ) and computed their backbone RMSDs to the reference structure for DAGK. The resulting ranges of backbone RMSDs are shown in Figure 9B . The ranges of reference axis position/ MSR distances and the ranges of backbone RMSDs closely resemble each other, indicating that disco's geometric analysis is able to accurately represent differences in oligomer structures using differences in the symmetry parameters. Interestingly, even though the MSRs for b 2 [1‚ 5] allow for sampling arbitrarily close to the reference symmetry axis position, the minimum achievable backbone RMSD was 0.0490 Å . Since oligomer structures computed by disco are symmetric by construction, comparisons with the reference structure for DAGK (which has slight deviations from perfect symmetry) will not yield perfect matches.
In general, the size of the ranges in Figure 9 increase with b, but there are three interesting exceptions. With b = 0, 21/24 of the disulfide bond distance restraints are satisfied by the MSRs. The MSRs that are computed when b = 5.5 are able to satisfy an additional distance restraint, increasing the count to 22. The number of satisfied distance restraints increases again at b = 6.25, and once more at b = 7.5, where all 24 distance restraints are satisfied by the MSRs. These three values of b, where the number of satisfied distance restraints increases, define four b intervals over which the number of satisfied distance restraints remains constant. In the four different b intervals, the geometry of the MSRs (Fig. 10) is markedly different.
As can be seen from Figure 10 , the MSRs grow regularly in size in the first b interval of [0, 5.25] , since the outer radii of the distance restraint annuli also grow regularly with b. However, at b = 5.5, the MSRs ''jump'' to a new position, since the arrangement now defines a deeper face corresponding to the satisfaction of the additional disulfide bond distance restraint. As b increases over the next b interval of [5.5, 6 .0], the MSRs grow regularly again until b = 6.25, where the satisfaction of an additional distance restraint causes another ''jump.'' This grow-then-jump pattern continues until all distance restraints are satisfied. Afterwards, the MSRs simply grow regularly with b since there are no more distance restraints to satisfy.
CONCLUSION
Disco can accurately determine the oligomer structures of proteins with C n symmetry using RDCs and distance restraints. disco analyzes inter-subunit distance restraints even when they are assigned ambiguously, but avoids enumerating explicit assignment combinations. The geometric annulus analysis of the distance restraints can discriminate between consistent and inconsistent distance restraints using the MSRs. 14 MARTIN ET AL.
Additionally, the MSRs are computed exactly and in expected O(n 2 ) time, thus ensuring no satisfying oriented oligomer structures are missed by the algorithm. Using the two-phase protocol, disco incorporates structural constraint provided by distance restraints with possible intra-subunit assignments in phase two. As a prerequisite, phase one of the protocol requires restraints with strictly inter-subunit assignments.
For trimers and higher-order oligomers, the D zz eigenvector of the alignment tensor is parallel to the axis of symmetry, but for dimers, a search must be conducted over the possible eigenvectors-three in the nondegenerate case. In practice, the chosen eigenvector of the alignment tensor computed from the subunit structure and the RDC values may differ slightly from the orientation of the true symmetry axis of the oligomer complex. To account for uncertainty in the symmetry axis orientation (possibly due to protein dynamics or experimental uncertainty), one can estimate the distribution of symmetry axis orientations described by the RDCs by considering the uncertainty of each experimental RDC value. Symmetry axis orientations sampled from this distribution can be analyzed by disco to select for the orientations whose resulting oligomer structures best satisfy the distance restraints (Martin et al., 2011) .
Since disco computes the exact set of oriented oligomer structures that satisfy the distance restraints, the variance in atom position of the computed ensemble of structures (Table 1 ) yields a meaningful measure of the range of oligomer structures allowed by the distance restraints, whereas in methods that rely on stochastic search, the variance is merely an artifact of the sampling. The entire protocol disco has been completely automated in a software package that is freely available and open-source at www.cs .duke.edu/donaldlab/software.php.
